CHEBYSHEV ACTION ON FINITE FIELDS 



THOMAS ALDEN GASSERT 

Abstract. Given a polynomial <j>(x) and a finite field F p n one can construct a directed graph 
where the vertices are the values in the finite field, and emanating from each vertex is an edge 
joining the vertex to its image under <f>. When <f> is a Chebyshev polynomial of prime degree, the 
graphs display an unusual degree of symmetry. In this paper we provide a complete description of 
these graphs, and also provide some examples of how these graphs can be used to determine the 
decomposition of primes in certain field extensions. 



l. Introduction 

Let K be a number field and let <fi € K[x] a polynomial of degree at least 2. Define <j) on (x) = 
0((/) o ( n ~ 1 ) (x)) to be the ra-fold iterate of 4>{x) under composition with <p o0 (x) = x. 

Let S be a set that accepts the action from eft. We say that s £ S is periodic with period c > 1 
if c is the minimal positive integer for which <j) oc (s) = s. We say that s £ S is preperiodic with 
preperiod t > if t is the minimal non-negative integer such that (j) ot (s) is periodic. It is a simple 
conclusion that if S is a finite set, then every s £ S is preperiodic. 

Given <j) and S, we can construct a directed graph with vertices being the elements of s and edges 
(s — > 4>(s)). In general, the structure of these graphs can be difficult to describe. However, when <fi 
is taken to be a Chebyshev polynomial and S a finite field, the resulting graphs display an unusual 
degree of symmetry which would otherwise be absent for more general choices of <j). Furthermore, 
the structure of these graphs are both predictable and visually pleasing. The case of the Chebyshev 
polynomial x 2 — 2 acting on F p was previously studied by T. Vasiga and J. Shallit in their paper [3]. 
Section 2 of our paper generalizes their results to a complete description of the graphs of Chebyshev 
polynomials of prime degree acting on arbitrary finite fields ¥ p n. 

One motivation for studying these graphs is a paper by W. Aitken, F. Hajir, and C. Maire [T] which 
describes, under specific conditions, a method of using graphs to determine how unramified primes 
decompose in iterated field extensions. To understand their result, we provide some additional 
definitions. 

Notation 1. Let <fi £ K[x] as before. We call TZ^ = {r £ K: 4>'{r) = 0} the critical points of 4>, and 
= {4>{r) : r £ 7^} the critical values. We say that <j> is postcritically finite if every critical point 
is preperiodic for cj). Lastly, we define a family of polynomials 

$„,(x,i)=r(i)-ie^(x)[t]. 

Proposition 1.1. [Aitken, Hajir, Maire] Suppose that 4>(x) £ C_fsr[x] is postcritically finite and 
that t £ Ok is such that <3? n (x,i) is irreducible over K for all n > 1. Suppose p C Ok does not 
ramify in K n j — K[x]/(<& n (x, t)) for any n. Then, for k > 1, the number of degree k primes of K n j 
lying over p is N/k, where iV is the number of paths of length n in the graph of <fi acting on F p 
which start with a vertex of weight k and end at t, the weight 1 vertex corresponding to the image 
of t in F p . [The weight of a vertex is the exact degree of the vertex over ¥ p .] 

Date: September 19, 2012. 

Key words and phrases. Chebyshev polynomial, iterated polynomial, post-critically finite map, finite field. 



1 



2 THOMAS ALDEN GASSERT 

The Chebyshev polynomials form a very interesting family of postcritically finite functions. In 
section 3, we combine our results with those of [1] to give a rule describing how certain primes split 
in the tower of number fields generated by adjoining the roots of $ n ^(x,i) := T? n {x) — t. 

Remark 1. The Chebyshev polynomials that we refer to in this paper are a normalized version of 

the Chebyshev polynomials of the first kind. These are monic polynomials in 7L\x\ defined by the 
relation 

T n (2cos6>) = 2 cos (n6>), 

and also satisfy the recurrence 

T (x) = 2; Ti(x) = x; T n +\(x) = xT n (x) - T n -\(x). 

Other properties of these polynomials are presented in the appendix. Also see [2] for a deeper 
description of these polynomials. 

Notation 2. Throughout this pager, we use vf. Z — > Z to denote the ^-adic valuation 

2. Description of Graphs 

For the rest of this paper we assume that I is a prime number, p is an odd prime different from 
t, and n is a positive integer. Let G(£,p,n) denote the graph of acting on F p n. The analysis we 
provide in this paper can also be applied to the cases where p = 2 and p = i. In most instances, 
only minor adjustments in our arguments are needed to address these special cases. Furthermore, 
although we only consider the Chebyshev polynomials of prime degree, the composition property 
T mn {x) = T m (T n (x)) would allow one to extend the results from the prime degree case to Chebyshev 
polynomials of arbitrary degree. 

Given a G F p n, define the polynomial u(x) = x 2 — ax + 1. Let a € F* 2n be a root of this polynomial. 

Lemma 2.1. For any k > 0, Xfc(a) = a k + a~ k . 

Proof. We proceed by induction on k. For the base cases, we have 

7o(a) = 2 = a + a and Ti(a) = a = a + oT x . 

Now assume that Tft(a) = a k + a~ k for all positive integers up to k. The recursion relation of the 
Chebyshev polynomials gives 

T k+l {a) = aT k {a) - T fc _i(a) = (a + a~ 1 )(a fc + cr fc ) - (a^ 1 + cT^ 1 )) = a k+1 + a^ k+1 \ 

□ 

Since we are working over finite fields, every element a £ ¥ p n is necessarily preperiodic under the 
action of Tg. The graph of the forward orbit of a is a string of points of length t leading into a cycle 
of length c where t is the preperiod of a and c is the period of T^ l {a). (See figure [TJ) 

The following theorem provides a method for calculating the preperiod of a as well as the length 
of the cycle to which a is attached. 

Theorem 2.2. Suppose a £ F p n has preperiod i, and T^{a) has period c. Let a € F* 2n be a root 
of x 2 — ax + 1, and write ord F x where gcd(ui,l) = 1. Then 

t = A, and c = ord (z/a;Z) x /(±i)t, 

i.e. A is the ^-valuation of the order of a in F^ 2n , and c is the least positive integer such that 
£ 2c = 1 (mod u). 
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Figure 1. The graph of the forward orbit of a. 



Proof. The element a satisfies the relation T^ t+C (a) = T^ t (a), which leads to the following equiva- 
lences. 



T° t+C {a) = T°\a) o a r + a~ r = a r + a 

pt + c pt + c pt pt + c _ft pt + c 

a a - a a - a a +1 = 



pt+c ft pt+c 

45 a = a or a = a 



& a ^-i) = l or c/^+^l 
^ £ A w|^(£ c -l) or £ A w|£*(r + l) 
which implies that A | t and £ c = ±1 (mod u>). 



Note that A cannot be strictly less than t, otherwise the equivalences above imply that T^ oA+c (a) = 
T/ A (a), contradicting the minimality of t. 

Similarly, if there existed d strictly less than c such that t c ' = ±1 (mod cu), then c/'^ c ±:L ) = 1 up 
to a choice of sign. This would imply that a satisfies the relation T^ t+C ' (a) = T^ t (a), contradicting 
the minimality of c. □ 

The possible orders for a can be described completely. 

Theorem 2.3. (1) For a = 2, we have a = 1 and ord F x n a = 1. 



2n 



(2) For a = —2, we have a = — 1 and ord F x a = 2. 

(3) For each divisor d of p n — 1, d / 1,2, there are ip(d)/2 elements a G F p ™ for which the 
corresponding a has ord„x a = d. 

(4) For each divisor d of p™ + 1, d ^ 1,2, there are ip(d)/2 elements a € F p n for which the 
corresponding a has ord F x a = d 



„2n 



Proof. Let o € F p n and define u(x) = x 2 — ax + 1. If u is reducible over ¥ p n, then u has roots a and 
a^ 1 in Fp„. This unit group is a cyclic group of order p n — 1 and therefore contains one element 
of order 1, one element of order 2, and ip(d) elements of order d for every divisor d > 2 of p n — 1. 
The element of order one, a = 1, corresponds to a = 2, and the element of order two, a = — 1, 
corresponds to a = —2. For all other divisors d > 2, a and a -1 are distinct, and therefore each 
pair {a,a~ 1 } corresponds to a single element a. This completes cases (1), (2), and (3). 
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If u is irreducible over F p n, then u has roots a and a -1 in F x 2n . In particular, a £ F* n , so the 

Frobenius automorphism gives a p ™ = a -1 . Therefore a is a p n + 1 root of unity, as it satisfies 
a P n +i _ Qf-t-Qi — i ^he ar g Um ent used above now applies, and we conclude (4). □ 

We now describe a method for identifying all the points with a given preperiod. 
Theorem 2.4. Let vg denote the £-&dic valuation, let 5 be a generator for F x 2n , and define 

= 5 p "- 1 and 1 = 5 pn+l . 

The periodic points in G(£,p,n) are 

{$* + 0~*: 1 < i < (p n - l)/2 and v t (i) > u e (p n + 1)} 

U { 7 J + 7~ j : < j < {p n - l)/2 and v t {j) > vg(p n - 1)}, 

and the points with preperiod t > 1 are 

{0* + 0~* : 1 < i < (> n - l)/2 and vg{%) = vi(p n + 1) - t} 

U { 7 J + 1' 3 :0<j<(p n - l)/2 and ^(j) = ^(p n - 1) - 

Proof. For a £ F p n, let u(x) = x 2 — ax + 1 with roots a and a -1 S F x 2n . We consider the two cases 
where u is irreducible and u is reducible over F p n. 

Suppose that u is irreducible over F p n. Then a = l for some i where 1 < i < (p n — l)/2. Write 
p n + 1 = £ x uj where gcd(ui,£) = 1. By Theorem 12,21 a is periodic if and only if there exists c such 
that o/ c_1 = 1 or ot^ +1 = 1. That is, a is periodic if and only if there exists c such that #*^ c±1 ) = 1, 
if and only if there exists c such that p n + 1 = | i(£ c ±1), if and only if £ x \ i and there exists 
c such that w | £ c ± 1. We know such c exist; for instance take c = ord( Z/ / wZ )x /(±i)£- Thus a is 
periodic if and only if vg(i) > u^{p n + 1). 

Assuming still that u is irreducible, we take on the case where a has preperiod t > 1. Theorem 
12.21 tells us that a is preperiodic with preperiod t > 1 if and only if there exists c such that 
0*^ (^ c ±i) = i anci 0^ (i c ±i) i Following the same argument as above, we see that a is 
preperiodic with preperiod t if and only if £ x \ i£ l and £ x \ ift^ 1 . Thus a has preperiod t if 
and only if vg(i) = fi{p n + 1) — t. 

The case where u is reducible over ¥ p n follows a similar argument where instead a = 7 J for some 
j where < j < (p n — l)/2, and the order of a is divisible by p n — 1. □ 

We can now make an exact count of the number of points in G(£,p,n) at every preperiod. 

Notation 3. We write p n — 1 = £ Al ^i and p n + 1 = £ X2 ui2 where ui\ and U2 are relatively prime to 
£. We define m E {1, 2} to be the index such that A m = max{Ai, A2}. 

Theorem 2.5. (1) If £ = 2, the number of points with preperiod t in G(2,p,n) is 



Preperiod 


i = 


t = 1 


2 < t < X m 


# of points 


U)l + w 2 
2 


Wl + 0J2 

2 





(2) If ^ is odd, the number of points with perperiod t in G(£,p,n) is 



Preperiod 


f = 


1 < t < X m 


# of points 


2 
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Proof. We begin with the case where £ = 2. 

Periodic points (t=0): By theorem 12.41 the number of periodic points in G(2,p,n) 

#{l<i< ( P n - l)/2: v 2 (i) > u 2 (p n + 1)} 

+ #{0 < j < (p n - l)/2: ^(j) > ^ 2 (p n - 1)}. 

The size of the first set is 

#{1 < i < (p n - l)/2: u 2 (i) > u 2 (p n + 1)} 

n n — 1 n n -I- 1 
= #{iGZ:l< 2 A2 i < = - 1 = 2 A2 ~ 1 u; 2 - 1} 

= #{i G Z: 1 < 2i < w 2 - 1} 
_ w 2 — 1 
~~ 2 

The size of the second set is 

#{0 < j < (p n - l)/2: ^(j) > »2{p n ~ 1)} 

= #{j G Z: < 2 Al j < (p n - l)/2 = 2 Al ~V} 
= #{j £Z: 0<2j <c^} 

_ LOi + 1 

2 ' 

Thus, the total number of periodic points is 

ui + l ui 2 - 1 _ 0J\ + u> 2 
2 + 2 ~~ 2 ' 

Preperiod t=l: By theorem 12,41 the number of points with perperiod 1 is 

#{1 < i < {p n - l)/2: v 2 (i) = v 2 (p n + 1) - 1} 

+ #{0 < j < (p n - l)/2: MJ) = HP* " 1) " 1}- 

The size of the first set is 

#{1 < i < (p n - l)/2: u 2 (i) = u 2 (p n + 1) - 1} 

T) n 4- 1 

= #{f G Z: 1 < 2 A2 ^ < i-y 1 = 2 A2 ~ 1 w 2 - l,gcd(*,2) = 

= #{iGZ:l<!<w 2 - l,gcd(t,2) = 1} 
_ oj 2 - 1 
~~ 2 ' 
The size of the second set is 

#{0 < j < (p n - l)/2: v 2 {j) = u 2 (p n - 1) - 1} 

= #{j G Z: < 2^ < 0" - l)/2 = 2 Al - 1 ^ 1 ,gcd(j, 2) = 
= #{i€Z:0<i<Wi > gcd(i,2)=l} 

_ OJl + 1 

2 

Thus the number of points with preperiod 1 is 

U\ + 1 w 2 — 1 UJ\ + UJ 2 
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Preperiod 2 < t < X m : By theorem 12.41 the number of points with perperiod t > 2 is 

#{1 <*< (p n -l)/2: ^ 2 (i) = A 2 -t} 

+ #{0 < j < (p n - l)/2: ^(j) = Ax - i}- 

One of these sets is necessarily empty since p n — 1 and p n + 1 are consecutive even integers, and 
therefore min{Ai, A 2 } = 1- The size of the nonempty set is equal to 

#{i£Z:0< 2 Xm ~ l i < 2 Am " 1 w m ,gcd(i,2) = 1} 

= #{i£Z:0<i< 2*~ 1 w m , gcd(z, 2) = 1} 

— z ui m . 

The argument for £ > 2 is essentially the same but with fewer cases to consider since t divides 
at most one of p n -\- 1 and p n — 1. If either of these values is divisible by £, then X m is positive 
and G(£,p,n) contains non-periodic points. Otherwise Ai = A 2 = and all points are strictly 
periodic. □ 

The connected components of these graphs have two distinguishing features: 1) a unique cycle 
comprised of the periodic points, and 2) a set of paths leading into the cycle containing the non- 
periodic points. Since all points are preperiodic, every connected component necessarily contains at 
least one periodic point, and therefore contains a cycle. The components may or may not contain 
non-periodic points, but when they do, the non-periodic points have a very specific structure. To 
describe the arrangement of the non-periodic points, we introduce some notation from graph theory. 

We say that a connected graph G is a tree if it contains no cycles. A tree is called rooted if one 
vertex is specified as a root. Designating a root imparts an orientation on the graph whereby all 
edges are directed towards the root. In a rooted tree, the parent u of a vertex v is the unique 
vertex connected to v on the path connecting v to the root, and v is said to be a child of u. An 
re-ary tree is a rooted tree in which each parent has at most n children, and we say that a tree 
is complete n-ary if each parent has exactly n children. The height of a vertex v is the length of 
the path connecting v to the root, and the height of the tree is the maximal height taken over all 
vertices, if it exists. 

The following theorem describes the structure of all connected components of the graph by de- 
termining the lengths of cycles, the number of cycles of each length, and the arrangement of 
non-periodic points attached to each cycle. 

Theorem 2.6. For each divisor d > 2 of wi, let c = ord^/^x /(±i)£- Then G(£,p,n) contains 
(p(d)/(2c) cycles of length c. Attached to each point in the cycles are I — 1 complete ^-ary rooted 
trees of height Ai — 1, provided Ai > 1. 

Similarly, for each divisor d > 2 of w 2 , let c = caxW/^x /(±i)^- Then G(£,p, n) contains ip(d)/(2c) 
cycles of length c. Attached to each point in the cycles are £ — 1 complete ^-ary rooted trees of 
height A 2 — 1, provided A 2 > 1. 

If £ is odd, then the points 2 and —2 are fixed, and from each of these points hang (£ — l)/2 
complete £-ary rooted trees of height A m — 1, provided A m > 1. 

If I = 2, then the graph contains the edges (0 — > —2), (—2 — > 2), (2 — > 2), and is the root of a 
complete binary tree of height A m — 2. 

Proof. Let d > 2 be a divisor of uj\. By theorems 12.31 and 12.21 there are (p(d)/2 periodic elements 
of F p n of period c. Furthermore, this set is fixed by Tj>, for if a is an element of order d in F* 2 „, 

then e/ is also an element of order d since £ and d are relatively prime. Thus the ip(d)/2 elements 
are arranged in Lp(d)/(2c) cycles of length c. 
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The points with perperiod t that lead into these cycles are exactly the points whose corresponding 
a have order d£ l . Thus there are (p(d£ t )/2 = £ l ~ l {£ — \){p(d)/2 elements with perperiod t leading 
into these cycles, provided that dl l divides p n — 1, i.e. Ai > 1. Completeness follows from the fact 
that the number of preimages of any point is bounded by the degree of Tg. The same argument 
applies to the other three cases. □ 

We now provide a couple of examples (Figures [2] and [3]) so that the reader can get a feel for these 
graphs. To summarize the results of the previous theorems, we recall that each divisor d > 2 of 
p n — 1 and p n + 1 corresponds to cp(d)/2 distinct points in F p n. The divisors d = 1 and d = 2 
correspond to the points 2, respectively, —2 in F p n. If d is relatively prime to £, then the points 
corresponding to d are periodic. Otherwise, the points corresponding to d are preperiodic with 
preperiod vg{d). The weight of a point is the exact degree of the point over ¥ p . The double arrows 
in the graphs denote double roots, and to avoid clutter, only selected vertices have been labeled. 



The graph T2(x) 
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Figure 2. G(2,3,4). 
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Graph of T^(x) 
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Figure 3. G(3,53, 1). 

3. Decomposition of Primes. 

As mentioned at the beginning of this paper, one application of the study of these graphs is to 
understand how primes decompose in certain extensions. Before taking advantage of Proposition 
11.11 we complete some missing details. 

Proposition 3.1. For n > 1, the Chebyshev polynomial T n is postcritically finite. 

Proof. The critical points of T n are the points where the derivative vanishes. The derivative of T n 
satisfies the relation 

d 



dx 



T n = nU n . 



where t7 n _i is the normalized, degree n—1 Chebyshev polynomial of the second kind. [See appendix 
for proof.] The Chebyshev polynomials of the second kind are defined by the relation 

/ sin(n#) 
[/ n _i(2cos#) - 

From here it is clear that the roots of U n —i are 



sin 1 



2cOS {-) 



fc = l,2, 



,n 
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It is left to show that these critical values are preperiodic for T n . Evaluating T n at these values, 
we see that their forward orbits are finite. 

( ''~\\ , ^k, 



T n \2 cos [^—JJ = 2cos(A;7r) = (-if 2, k = 1, 2, . . . n - 1; 

T n (-2) = T n (2cos(vr)) = 2cos(n7r) = (-l) n 2 
T n (2) = T n (2cos(0)) = 2cos(0) = 2. 

□ 

Notation 4- For a prime p, we denote by reduction modulo p. 

Recall that for a fixed prime £ and an integer i, we define a family of polynomials § n ^{x, t) = 
Tp n (x) — t. We are specifically interested in the case where $ n ^(x,t) is irreducible for every n. 
Locally, we can address this question of irreducibility modulo a prime p by considering the position 
of t in the graph G(£,p, 1). 

The following lemma describes how the graph G(£,p,k) evolves as k varies. Specifically, it gives a 
formula for the maximum height, A, of the trees described in Theorem 12.61 

Lemma 3.2. Let c = ord( Z / ffi )x /(±i)P an d A = max.{vi(p k — 1), ue(p k + 1)}. 
(1) If £ is odd, then 

f u e (p 2c - 1) + u e (k) > 1 ifc\k 
I otherwise 



A = u e (p 2k - 1) 
(2) If £ = 2, then c= 1 and 



A = is 2 (p 2k - 1) - 1 = v 2 (p 2 - 1) + u 2 (k) - 1 > 2. 

Proof. Beginning with £ odd, we see that p 2k — 1 = (p k + l)(p k — 1) is divisible by £ if and only 
if p k = ±1 (mod £), and therefore c divides k. Furthermore, if £ divides p 2k — 1, then £ divides 
exactly one of p k + 1 and p k — 1, and we have 

u e (p 2k - 1) = u £ (p k + 1) + v t (p k — 1) = A > 1. 

Otherwise, if £ = 2, both p k — 1 and p fc + 1 are even with minjz^^ — 1), v 2 (p k + 1)} = 1 and A > 2, 
so 

v t (p 2k - 1) = v t (p k + 1) + ^(p* - 1) = A + 1 > 3. 

We are now left to show that Vi{p 2k — 1) = vi{p 2c — 1) + ve(k) provided that c divides k. We begin 
by writing k = cm for some integer m, and we note that p 2c = 1 (mod £). Then 

p 2k - l = p 2cm - l = ( p 2c ) m - l = ( p 2c - l){{p 2c ) rn - 1 + (p 2c ) m - 2 + (p 2c ) m ~ 3 + • • • + 1). 

Since all powers of p 2c are congruent to 1 mod £, we have 

u £ (p 2k -l) = u e (p 2c -l)+u e (m). 

Finally, c is a divisor of £ — 1 since it is the order of p in (Z/£Z) X /(±1), and in particular, vi{c) = 0. 
Thus 

i/£ (m) = u e (c) + ^(m) = ui{cm) = u e (k), 
completing the proof. □ 

Proposition 3.3. Suppose p = ±1 (mod £). If t is of maximal height in G(£,p, 1), then <& n ^{x,t) 
is irreducible modulo p. 
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Proof. Let p be a prime congruent to ±1 modulo I. Then c = orcW/g^x /(±i)P = L so by Lemma 
13.21 maximal height attained by the trees in G(£,p, 1) is V({j? — 1). Similarly, the maximal height 
attained by the trees in G(£,p, £ n ) (respectively, G(£,p, £ n )) is vi(p 2 — 1) + n (respectively, vgip 2 — 
l)+n-l). 

Let t be an integer such that t is of maximal height in G(£,p, 1). That is, t is preperiodic with 
preperiod vz{p 2 — 1) with regard to the action of on ¥ p . By Theorem 12 the tree in G(£,n,£ n ) 
(respectively, G(£, n,^ n_1 )) rooted at t is a complete ^-ary tree of height n (respectively, height 
n — 1). Note that £ F p fc is a root of <I> n ^(x, i) if any only if there exists a path of length n from 
to t in G(£,p, k). Since there are no paths of length n terminating at t in G{£,p,£ n ~ l ) and £ n 
paths of length n terminating at t in G(£,p,£ n ), we see that ¥ p in is the smallest field to contain a 
root of & n ^(x,t) (in fact, it contains all the roots). In particular, if 9 is a root of <fr n ^(x, t), then 
¥ p (9) ~ ¥ p en is the degree £ n extension of F p , and therefore <& n ^{x,t) is the minimal polynomial 
for 9. ' □ 

Corollary 3.4. Suppose that £ is an odd prime. Then ^> n ^(x, t) is reducible modulo p if and only 
if &i^(x, t) has a root modulo p. 

Proof. Clearly, if <I>i i(x, t) has a root modulo p then <& n ^(x, t) is reducible. For if {x — a) is a factor of 
T^(x)— t for some a <E F p , then (T^ n ^ — a) is a factor of $ n .^(x, t) = T^ n (x)—t = Ti{T^ n l \x)) — t. 

On the other hand, Proposition 13.31 implies that if Q n /(x,t) is reducible modulo p, then t does not 
achieve maximal height in G(£,p, 1), and thus &i^(x,t) has a root modulo p. □ 

We can now establish that for a fixed £, there are infinitely many choices for t such that $ n ^(x, t) is a 
family of irreducible polynomials. Our condition for irreducibility relies on the existence of a prime 
p such that p = ±1 (mod £). However, it is known that infinitely many such primes exist thanks to 
Dirichlet's theorem on arithmetic progressions. For any of these primes p, we construct the graph 
G(£,p, 1) and identify a t of maximal preperiod. Then, for any integer t such that t = t (mod p), 
§ n! i(x,t) is irreducible for all n. 

We now proceed to show that only finitely many primes ramify in the tower of fields 

Q = K 0>t C K 1>t C K 2jt C • • • , K n>t ~ K[x]/{^ n/ {x, t)) 

by showing that the primes dividing the discriminants of the polynomials & n ^(x,t) is a finite set. 
Since the number field discriminant divides the polynomial discriminant, only finitely many primes 
divide the discriminants of the fields K n j, and therefore only finitely many primes ramify in the 
tower of fields. The following proposition gives a formula for the discriminant for an iterated 
polynomial, and from this we derive a formula for the discriminant of & n ^(x,t). 

Notation 5. Let K be a number field and <j) = Q>d,x d + • • • + a o £ -K"[a;]. We identify the multiplicities 
of the critical points of <f> by 

<f>'(x)=da d H (x-rr-W, 

where TZ^ is the set of critical points of <f>. For each critical value (3 € B^, define 

Mp{4>) = Yl rn r {(f>). 

ren^,,4>(r)=/3 

Proposition 3.5. [Aitken, Hajir, Maire] For <fi = a<ix d + • • • + ao £ K[x] and n > 1 
d\sc x ^ n ) = (_i)(^-i)(^-2)/2^ a (^-i) 2 /(^i) Yl (t- p)M (4>" n ) 

where <& n {x,t) = (j) on (x) - t. 
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Corollary 3.6. Let I be a prime and define f» n ^(x, t) = T? n (x) — t as before. 

(1) If i is odd, then 

disc,(^(x,t)) = (-l)(^-D/2^"(t 2 - 4)(^~ 1 )/ 2 , 
and the discriminants satisfy the recursion 
disc,(cI> n+M (x,i)) = (-l^^ 

(2) If £ = 2, then 



disC^^X,*)) = (_l)(^-l)(2- 1 -D 2 ^ ( , + 2) 2" 

and the discriminants satisfy the recursion 

disc,; ($„+i,2 (x,t)) = 4 2 " (disc,. ($ n , 2 (x, t))) 2 (2 - t) . 

Proof. We begin with the case where £ is odd. In Proposition 13. 1\ we identified the £ n — 1 distinct 
critical points of T^ on (x), and identified 2 and —2 as the two critical values. Each critical value is 
the image of half of the critical points, so M.2{T^ n ) = A4_2(T^ on ) = (l n — l)/2 and we can apply 
Proposition 13.51 

As for the recursion, we use the fact that 

£ n+1 - 1 _ £ n+l -£ + £-!_ £(£ n - 1) £ - 1 
2 ~~ 2 ~~ 2 + 2 

to conclude that 

disC^+l,^,*)) = (-l)(«" +1 -l)/2 f («+lV» +1 ( t 2 _ 4 )^ +1 -l)/ 2 

= (_i)( < - 1 )/ 2 ((-i)(^ n - 1 )/ 2 )^(f l€n ) £ ^ ri+1 ((t 2 _ 4)(^ n - 1 )/ 2 )^(t 2 _4)(<-i)/2 

= (-l)('- 1 )/ 3 (di8C (B (<6 M (x 1 t))) / (t a -4)(^ 1 )/ 2 . 

In the case £ = 2, T^™ has 2 n — 1 critical points, and it is a quick check to verify that A^f^™) = 
2™ _1 — 1 and ■M_2(T , 2™) = 2™ _1 , and the discriminant formula follows immediately. For the 
recursion, we note that (2 n — l)(2 n ~ 1 — 1) is odd for n > 2. Thus 

disc,($ n+1 , 2 (x,t)) = -2^ 1 ) 2 " +1 (t + 2) 2 "(t-2) 2 "- 1 



12™ /on2 n ^2 



2»"!\ 2 



) [it + 2) 
4 2n (dis C;E ($ n , 2 (x,t))) 2 (2 



2) 2n ' 1 - 1 ) 2 (t 



□ 



Notation 6. Throughout the rest of this section, we will use the notation G(£,p,> 
union of the nested graphs 

G(£, P ,e°) c G(l,p,l x ) c G(£,p,£ 2 ) c ••• c G(£,p,£°°). 

Example 3.7. Consider the family of polynomials <l> n ^(x, t) = T^ n (x) — t 
and the fields they generate K n j — Q[x]/($> n g(x,t)) when £ = 2 and 
t = 0. The tower Q C i^i,o C A^o C • • • is the cyclotomic Z2-extension 
of Q. The splitting of primes is completely described by the cyclotomic 
reciprocity law. (See jlj, Theorem 2.13.) Specifically, K n $ C Q(C 2 

n + 2 J IS 

the field fixed by complex conjugation, so cyclotomic reciprocity implies 
that an odd prime p will split into 2 n /f primes, where / is the order of 
p in (Z/(2 n+2 Z)) x /(±l), and in particular, p splits completely in K n if 



to denote the 



2 

i) 



Figure 4. G(2,3, 1) 



12 



THOMAS ALDEN GASSERT 



and only if p = ±1 (mod 2 n+2 ). We recover this law using Proposition 
11.11 in concert with knowledge of the graph G(2,p, 2°°). 

In F3, t = is the point of maximal preperiod under iteration by T 2 . This is evidenced in the 
graph G(2, 3, 1) (see Figure H]), where we can see that is the point achieving maximal height. 
Thus by Proposition 13.31 $n, 2(2^0) is irreducible for every n > 1. Furthermore, by Corollary 13. 6[ 
the discriminant of T^^x) is a power of 2, and therefore only 2 can ramify in the extensions K n Q. 
Let p be a prime different from 2. By Proposition ll.il the number of degree k primes lying over p 
in K n> Q is N/k where N is the number of paths of length n in G(2,p, 2°°) originating at a point of 
weight k and ending at 0. 

To count these paths, begin by considering the subgraph of G(2,p, 1) containing and its preimages. 
Theorem 12.61 mandates that is the root of a complete binary tree of maximal height, specifically 
V2(p 2 — 1) — 3. By Lemma 13.21 for any n > 0, the height of the tree rooted at in G(2,p,2 n ) is 

u 2 (p 2 - 1) - 3 + n. 

By induction on n, we conclude that the points at height v 2 (p 2 — 1) — 3 + n have weight 2 n . This 
uniform growth allows us to easily count the paths terminating at in G(2,p,2°°), and we can 
conclude the following. 




- weight 1 
- weight 2 
- weight 4 

- weight 8 







Figure 5. Subgraphs of G(2,p, 2°°) rooted at where p = ±3 (mod 8) [left] and 
p = ±7 (mod 16) [right]. 



Proposition 3.8. Let p be an odd prime, and define H = v 2 (p 2 — 1) — 3. The number of paths 
terminating at in G(2,p, 2°°) is as follows. For 1 < k < H , there are exactly 2 k paths of length k 
from points of weight one to 0, and for k > H there are exactly 2 k paths of length k from points 
of weight 2 k - H to 0. 

Theorem 3.9. Let p be an odd prime, H = ^{p 2 — 1) — 3, and let K ni o = Q[x]/(T 2 ori (2;)) as before. 
Then p splits completely in each extension Kq^q, . . . , Kh,o and is completely inert afterwards. 

Proof. The result follows immediately from Proposition 13.81 and Proposition 11.11 □ 

Remark 2. Our result is in complete agreement with the cyclotomic reciprocity law, as we now show. 
Letting H = v 2 (p 2 — 1) — 3, then H+3 = i*j(p+ 1) + ^2{p — !)• Therefore max{^2(p + l), i^(p— 1)} = 
H + 2, and so p = ±1 (mod 2 H+2 ). By cyclotomic reciprocity, p splits completely in K^ q for 
k = 0,...,H. 

Example 3.10. Consider the family of polynomials $> n ^(x,l) = 
T^ n (x) — 1. Note that 1 is a point of maximal height in G(3, 5, 1) (see Fig- 
ure [6]) , so Proposition 13.31 implies that this is a family of irreducible poly- 
nomials. By Corollary 13.61 the only prime divisor of the discriminants of 




Figure 6. G(3,5, 1) 
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Q n ^(x, 1) is 3, so only 3 can ramify in the fields K n> i = Q[x]/($ n ,3{ x > 1)). 
Let p be a prime different from 3. Note that T^(l) = —2 (mod p) (or 
in the case p = 2), therefore, by Theorem 12.61 1 is the root of a complete 
trinary tree of height ^(p 2 — 1) — 1. Applying the same analysis as in 
the previous example, we conclude the following. 

Proposition 3.11. Let p be a prime different from 3, and define H = u^(p 2 — 1) — 1. The number 
of paths terminating at 1 in G(3,p, 3°°) is as follows. For 1 < k < H, there are exactly 3 fc paths 
from points of weight one to 1. For k > H there are exactly 3 fc paths of length k from points of 
weight 3 k ~ H to 1. 

Theorem 3.12. Let p be a prime different from 3, H = v 3 (p 2 -l)-l, and K n>1 = Q[x]/(T 3 on (x)-l). 
Then p splits completely in Q = Kq^, . . . , Kh,i, and is totally inert afterwards. 

Proof. The result follows immediately from Proposition 13.111 and Proposition 11.11 □ 

Remark 3. Here, we have recovered the cyclotomic reciprocity law for the cyclotomic ^-extension 
of Q. In fact, for any odd prime £, we can recover the cyclotomic reciprocity law by considering 
the polynomials $> n i(x, 1). We also note that the height H in each of the previous examples is the 
height of the tree rooted at (respectively, 1) in G(2,p, 1) (respectively, G(3,p, 1)), and is the key 
value needed to determine the nature of the splitting of the prime. It is, however, not sufficient 
to only know the value of H. The position of t (mod p) also plays a significant role, which we 
summarize in the following theorem and later illustrate with an example. 

Theorem 3.13. Let t be an integer such that Q n ^{x,t) is a family of irreducible polynomials. Let 
p be a prime that does not divide the discriminant of &i^(x,t), and denote by t the reduction of 
t modulo p. Let a € F* 2 be a root of x 2 — tx + 1 modulo p, and A = z^(ord F x a). Finally, let 

H = u e (p 2 - 1) - A. 

(1) If A = 0, then there exists at least one prime of degree 1 above p in each field K n t, and 
exactly one prime of degree 1 above p in = lim-fT^. 

(2) If A > 1 and £ ^ 2, then p splits completely in each field Kqj, . . . , Kn,t an d is totally inert 
afterwards. 

(3) If A > 1, £ = 2, and t is contained in a tree of maximal height in G(£,p, 1), then p splits 
completely in each field Kqj, . . . ,Kn,t- If t is not contained in a tree of maximal height 
in G(£,p, 1), then p is inert in Kij, splits completely in each field K2,t, ■ ■ ■ Kfi,t, and is 
completely inert afterwards. 

Proof. (1) If t is periodic, then there is at least one path of length n from a point of weight one to 
t for every positive integer n. Thus by Proposition 11.11 each field K n t contains a prime of degree 
one over p. 

(2) If A > 1 and 1^2, then by Theorem 12.31 t is preperiodic with perperiod A, so the tree 
in G(£,p,l) rooted at t has height H. Together, Lemma 13.21 and Theorem 12.61 imply that there 
are £ n paths of length n in G(£,p,£°°) terminating at t all originating at points of weight £ n ~ H 
(respectively, points of weight 1) if n > H (respectively, if 1 < n < H). Applying Proposition ll.lt 
we achieve our result. 

(3) If I = 2 and t is contained in a tree of maximal height in G(2,p, 1), then the argument from 
(2) applies. Otherwise, if £ = 2 and t is contained in a tree of minimal height in G(2,p, 1), then 
necessarily t is preperiodic with perperiod one. Consider then the tree rooted at t in G(2,p,2°°). 
Together, Lemma [3. 2 1 and Theorem 12.61 imply that there are 2 n paths of length n terminating at t all 
originating from points of weight 2 n ~ H+1 (respectively, points of weight 2) if n > H (respectively, 
if 1 < n < H). The result follows from Proposition ll.il □ 
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Example 3.14. Consider the family of polynomials <& n ,2(x, 105) and the tower of fields K n 105 = 
Q[x]/(&n,2( x , 105)). These polynomials are irreducible since 105 = (mod 3), and is a point 
of maximal height in G(2,3, 1) (see Figured]). The discriminant formula in Corollary 13.61 shows 
that only 2, 103, and 107 can ramify in the tower of fields. As before, the splitting of a prime p 
(different from 2, 103, and 107) in these extensions in completely determined by the tree rooted at 
105 (mod p) € G(2,p, 2°°). Noting that 105 is divisible by 3, 5, and 7, we see that the behavior of 
3, 5, and 7 is determined by the tree rooted at 0, and thus the degree at which these primes split 
is exactly the same as in the cyclotomic ^-extension. Namely, 3 and 5 are inert, and 7 splits in 
K h2 (x,W5). 

Moving up the list of primes to p = 11, we see that —5 

105 = — 5 (mod 11), and therefore we must consider i 
the tree rooted at —5 in G(2, 11, 2°°). However, and 
—5 occupy the same position in the graph G(2, 11, 1) 
(see Figure [7]), and Lemma 13.21 implies that the tree 
rooted at —5 is identical to the tree rooted at in 
G(2, 11,2") for every n. Thus the splitting behavior of 
11 in this extension is also identical to its behavior in 
the Z2-extension, that is, it is inert. 



1 



-1 



-3 4 
I I 







L 



Figure 7. G{2, 11,1) 



The prime 13 is the smallest prime that dis- 
plays a different behavior in this tower of 
fields than in the cyclotomic extension. Since 
105 = 1 (mod 13), we focus on the tree rooted 
at 1 in G(2, 13, 2°°). We can see in G(2, 13, 1) 
(see Figure [8]) 1 is contained in a tree of max- 
imal height and is the root of a tree of height 
one. By the previous theorem, 13 splits in 
K\ 105, and is otherwise inert. 





-2 



1 



V 



5 

-3 



T -I l 



Figure 8. G(2, 13,1) 



4. Density of Periodic Points. 

Rafe Jones proposed the question: what proportion of points in G(£,p,n) are periodic? In 
particular, does the following limit exist? 

^{periodic points in G(£,p, n)} 



lim 

n— >oo 



p" 



Using our previously established notation, we see that 

^{periodic points in G(£,p,n)} 



lim 

n— >oo 



p" 



lim 

n— >oo 2p n 

1 (p n - 1 p n + 1 
hm r 1 r — 

n-s-oo 2p n \ £ Xl £ X2 

,. 1/1 1 
hm — — ; — — ^~ 

rwoo 2 \£ Xl £ X2 

( lim + - if I ^ 2 

2 



n — x) 2£ Xm 



lim 



n— >-oo 2 Xm 
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Recalling Lemma 13.21 we see that the limits, as written, do not exist since A m = (resp. X m = 
u 2(p 2 — 1) — 1) when t is odd (resp. 1 = 2) for infinitely many positive integers n. 

This limit, however, can exist if we restrict ourselves to an appropriate tower of fields. For example, 
consider the sequence 

K}~ =1 = {2, 2 2 3, 2 3 3 2 5, 2 4 3 3 5 2 7, ... , 2 n T" 1 5 n " 2 7 n ~ 3 • • • p n , ...} 

and the corresponding tower of fields 

Fp C F p ai C ¥ p a 2 C ¥ p a 3 C • • • C Fp 

where IjFpcm = ¥ p . This sequence of a n 's is constructed so that for any prime £, c divides all but 
a finitely many a n , thus Vi{a n ) (and therefore A m ) grows monotonically and without bound as n 
increases. Taking the limit up this tower of fields, 

(1) if I is odd, 

i. #{periodic points in G(£,p, a n )} 1 11 
lim = lim — t — r H — = 

n-s>oo p a n n-^oo 2£V£(P 2 2 

(2) if 1 = 2, 

^{periodic points in G(2,p, a n )\ 1 11 
lim = lim , „ ; — - H — = -. 

>QO 2 i/ 2(p / -l) + ^2(an) 4 4 



5. Appendix. 

In this section we prove some simple relations for the Chebyshev polynomials. We begin by 
recalling the definition of these polynomials. Again, we remind the reader that the Chebyshev 
polynomials that we refer to are normalized so as to be monic and integral. 

Chebyshev polynomials of the first kind are defined by the relations 

T (x) = 2; Tx(x) = x; T n+1 (x) = xT n {x) - T n _i(x), 

and also satisfy the relation 

T n (2coB(0)) = 2cos(n(9). 

Chebyshev polynomials of the second kind are defined by the relations 

U (x) = l; U 1 (x) = x; U n+1 (x) = xU n (x) - U n -!, 
and also satisfy the relation 

U n (2co S (9))= s . n{0) . 

Lemma 5.1. The Chebyshev polynomials satisfy the relation 

T n (x) = U n (x) - LT n _ 2 (x), n = 2,3, 

Proof. By induction on n. Beginning with the base cases, 

T 2 = x 2 - 2 = (x 2 - 1) - 1 = U 2 - U ; 
r 3 = x 3 - 3x = (x 3 - 2x) - x = U 3 - U x . 
Now assume the relation holds for T n and T n _i. Then 

T n+ \ = xT n - T n _i = x(U n - U n - 2 ) ~ (£4-1 - U n - 3 ) 
= (xU n - U n -i) - (xU n -2 - U n - 3 ) = U n+ i - f/ n _i, 
completing the proof. □ 
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Lemma 5.2. The Chebyshev polynomials satisfy the relation 

^-T n (x) = nU n -i{x), n=l,2, .... 
ax 

Proof. By induction on n. Beginning with the base cases, 



— T 2 = —x 2 -2 = 2x = 2U 2 . 
ax ax 

Now assume the relation holds for T n and T n _i. Then 





= xnU n -i + T n - (n - l)£/" n _ 2 
= xnU n -i + (C/ n - ^7„_ 2 ) - nC/ n _ 2 + U n -i 
= n{xU n -i - U n - 2 ) + U n = (n + l)C/ n , 



completing the proof. 



□ 
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